DERIVED FUNCTORSOF COMPLETION
439 the right derived functors of I-adic completion, which are much less interesting (and irrelevant to our topological applications).
We restrict ourselves to the main points here, and the arguments are quite elementary. Commutative ring theorists will see that we have left many very natural questions unaswered. In particular, we have left sheaf theoretic generalizations to the reader.
PRELIMINARIES
To establish notations and context, we recall briefly the definitions of left derived functors and of some basic constructions that we shall use. Let A&! be the category of modules over a commutative ring A.
A a-functor 9 is a sequence {Oi 1 ia 0} of covariant functors Di: A&' -+ A& together with natural connecting homomorphisms ai: .;(M" 9 is exact if these sequences are exact. 9 is effaceable if, for each M, there is an epimorphism N -+ M such that DiN-+ DiM is zero for i > 0. This obviously holds if Di F = 0 for i > 0 when F is free.
Let l? A& -+ A,,& be an additive functor. Its left derived functors are given by an exact and effaceable a-functor P'r= {LiT) together with a natural transformation E: LOT+ r, which is an isomorphism on free modules. The functor LJ is right exact and its left derived functors for i > 0 are the same as those of r. For any &functor 9, a natural tranformation J,: D, + L,T extends uniquely to a map {fi}: 9 -+ yr of %functors. Moreover, {f,} is an isomorphism if and only if 9 is exact and effaceable andf, is an isomorphism on free modules. For an A-module M, 2'I'M can be constructed by taking the homology of the complex obtained by applying r to a free resolution of M. Details may be found in [l, V, Sects. 2-3 1.
Define the cone, or caliber, Ck of a chain map k: X+ Y by (Ck)i= Yi@XiPl, with differential di(y,x)=(di(y)+ki-,(x),
-dip,(x)).
Define the suspension CX and desuspension C-'X by (ZX), = Xi-, and (c-lx)i=xi+*, with the differential -d. We have a short exact sequence 0 + Y -+ Ck + CX -+ 0, and the connecting homomorphism of the derived long exact sequence in homology is k,. It is convenient to define the fiber of k to be Fk=C-
Given a sequence of chain maps f': x' + x'+ ', r b 0, define a map 1: @r + @Xr by I(X) =x -,f'(x) for x E X'. Define the homotopy colimit, or telescope, of the sequence {fr} to be Cr and denote it Tel(X). Then Hi(Tel(X')) = Colim H,(X'). The composite of the projection from Cr to its first variable and the canonical map @X' + Colim X' is a homology isomorphism [: Tel(X') + Colim X'.
We shall need an observation about the behavior of telescopes with respect to tensor products. Given two sequences f r: X' -+X'+ ' and g': Y'-+ Y+l, we obtain a sequencefrOg':
Xr@ Y-x+'@ Y+'.
LEMMA 0.1. There is a natural homology isomorphism 4: Tel(X'@ Y) + Tel(X')@Tel( I"').
ProoJ: Using an ordered pair notation for elements of the relevant calibers, we specify 5 by the explicit formula
A tedious computation shows that 4 commutes with differentials. It is a homology isomorphism because the diagram
commutes. Here the bottom left arrow is the diagonal cofmality isomorphism. Dually to the telescope, given chain maps f': x' -+ x'-' for r b 1, define a map rr: xX'+ x X' by rr(x') = (xr-fr+l(x'+ ')). Define the homotopy limit, or microscope, of the sequence {fr> to be Fx and denote it Mic(X'). Then there are short exact sequences Observe that a degreewise short exact sequence o+{cr}+{Y}+{z'}~o of systems of chain complexes gives rise to a short exact sequence 0 -+ Mic(X') + Mic( Y') -+ Mic(Z') -+ 0 and thus to a long exact sequence of homology groups.
Here Lim' denotes the first right derived functor of the inverse limit functor. We shall be concerned only with inverse sequences, for which the higher right derived functors of Lim vanish. Thus a short exact sequence of inverse sequences gives a six term exact sequence of Lim's and Lim"s. We say that an inverse sequence {M'} is pro-zero if, for each r, there exists s > r such that M" --f M' is zero; of course, if {M') is pro-zero, then LimM'=O and Lim'M'=O. We need some restrictive hypotheses to proceed further. In the rest of the paper, all ideals are assumed to be finitely generated. (ii) If NcM, then r(crr; N)=f(cr'; M)nN, so that N has bounded cc-torsion if M does. If each of a set M, of A-modules has bounded a-torsion with a common bound r, then the sum and product of the M, have bounded cr-torsion. In particular, if A itself has bounded z-torsion, then so does every submodule of any free A-module. EXAMPLES 1.4. If A is the quotient of the polynomial ring generated by (~1, y, 1 r 3 1) by the ideal generated by {cY'~, 1 Y > 1 }, then A has unbounded a-torsion. As pointed out by Swan, if k is a field and if CI, /I, and x,, s 2 1, are indeterminates, then the sub k-algebra A of k(a, fi, x,~) which is generated by tl, /I, the x,, and the elements y,>, r = CL~X,//Y for s 3 r 2 1 is an example of an integral domain in which A/(B') has unbounded u-torsion for every r. To generalize to arbitrary finitely generated ideals, we need to understand the behavior of composites of completions. We begin with the following observation (in which J need not be finitely generated). As s varies, the sequences above all give exact sequences of inverse systems. By hypothesis, the Lim-Lim' exact sequence, and the fact that Lim' Lim' is always zero for bi-countably indexed systems (e.g., by a spectral sequence in Roos [7] ), the exact sequences (*) give rise to isomorphisms By the live lemma, (MS ),^ + Ml' is an isomorphism.
We need a conveniently verifiable criterion for checking that the hypothesis of the previous lemma holds. The following observation gives us one (and, here again, J need not be finitely generated). It also gives a means of verifying the hypothesis of Proposition 1.5 for modules of the form M; that does not require boundedness of their a-torsion. It is clear that a is a pro-regular sequence for any free A-module. Thus Proposition 1.5 and the previous two lemmas give that It follows that Y* = 0 for p > 0 and that Y0 = M," . For the second statement, the induction hypothesis implies that 'E; 4 =0 for p > 1 and for q > n -1. Thus 'E* = 'E", and (i) through (iv) follow.
Note that (i) holds even though Ml' need not be isomorphic to (MJ^ )%" in general. The point is that these two functors agree on free modules and so have the same derived functors. Theorems 3.3 and 3.4 below imply better vanishing results than (iv) for Noetherian rings and Burnside rings. For a good ring A, we conclude from the first statement that I-adic completion is an exact functor when restricted to those A-modules A4 for which a is a pro-regular sequence. It is obvious that Noetherian rings are good, and so are all Burnside rings A(G) [2] . Some bad rings are exhibited in Examples 1.4.
LOCAL HOMOLOGY AND DERIVED FUNCTORS
We begin by recalling Grothendieck's definition and calculation of local cohomology groups [4; 5, Sect. 21. For a space X, a closed subspace Y, and a sheaf 9 of Abelian groups over X, let Z',(X; 9) be the group of sections of F with support in Y. The functor Tr(X, ?) on sheaves is left exact, and its right derived functors are denoted H*y(X, 9). This identifies local cohomology groups as right derived functors. We shall define certain local homology groups and verify that they agree with the left derived functors L:(M) under mild hypotheses. We begin with a reformulation of the definition of local cohomology. Remarks 2.3. For tx E A, let K'(N) be the cochain complex ~1: A -+ A, where the two copies of A are in degrees 0 and 1, respectively. For a sequence a = { ct,, . . . . an}, let K'(a) = K'(cc,)@ ... 0 K'(cc,). The identity map in degree 0 and multiplication by GI in degree 1 give a cochain map K'(a') -+ K'(a'+ '), and thus, by tensoring, a cochain map K'(a') -+ K'(a' + ' ). These cochain complexes and cochain maps are obtained by applying Hom(?, A) to the chain complexes and chain maps in Definitions 2.1, and we have an isomorphism of direct systems
Define K'(a") = Colim K'(a'), and observe that K'(a") is just the cochain complex A -+ A[l/a].
We have an evident isomorphism
The homology isomorphism Tel K'(a') -+ K'(az ) gives a projective approximation of the flat cochain complex K'(a"). By the Kiinneth spectral sequence, this approximation induces an isomorphism
This suggests the following definition, which seems to be new. Since the K.(a') are free chain complexes, the H:(M) certainly give an exact Sfunctor. We need only construct a natural mapf,: Hi(M) + L;(M) and show that f0 is an isomorphism and Hi(M) = 0 for i> 0 when M is free. We proceed in three steps, first handling the case n = 1, next constructing a spectral sequence that will allow induction, and then completing the proof. The free complex K.(cx') over A/(a') is not a resolution, but it gives the first two terms of a free resolution X'. We thus obtain a map of inverse systems K. A standard argument with double complexes yields the conclusion.
Proof of Theorem 2.5. Let J= Z(n -1) and a = CC,. Lemma 2.6 gives the result for (c() and we may assume it for J. By the previous result, the induction hypothesis, and Theorem 1.9(i), we have
If M is free, Theorem 1.9 gives that Hi(M) z L:(M) is zero for q > 0 and is M,^ for q = 0, and Proposition 1.5 gives that Hg(MJ^ ) z Lg(M; ) is zero for p>O. Thus, when M is free, Ez,,= 0 unless p = q = 0 and therefore H:(M) = 0 for n > 0. This completes the proof.
A UNIVERSAL COEFFICIENTS SPECTRAL SEQUENCE
We can use the relationship between local homology and local cohomology to obtain a duality, or universal coefficients, spectral sequence. It is the most useful tool for explicit calculation of local homology groups. Proof Replace A4 in Hom(Tei K'(a'), M) by an injective resolution Y of M. To keep track of the grading, think of Tel K'(a') as a complex graded in non-positive degrees, so that Hom(Te1 K'(a'), Y) is a (cohomological) bicomplex. Filtering so as to take the homology of Y first we obtain Hom(Te1 K'(a'), M) on the E,-level and H!+(M) on the E,-level, with no further differentials and with trivial extensions. Filtering so as to take the homology of Tel K'(a') first, we obtain the spectral sequence we want.
This spectral sequence looks a little strange. If H';(A) = 0 for k > n, then the non-zero terms of EFy lie on the Oth through ( -n)th rows of the fourth quadrant, while the non-zero terms of EC4 lie on the Oth through nth diagonals in the seventh octant; that is, E;, y = 0 if q < -n or q > 0 and EP;y = 0 if either -(p + q) < 0 or -(p + q) > n. The differentials wipe out all but finitely many of the non-zero terms present in E,. The following immediate observation is quite useful. This gains force from the following theorem of Grothendieck (see [3, 3.6 .51 or [6, 2.71). Even though Burnside rings need not be Noetherian, the same conclusion holds for them [2] ; recall that they have dimension one. The spectral sequence of Proposition 3.1 generalizes Grothendieck's local duality spectral sequence. To see this, we consider modules of the form M= Hom(N, Q), where Q is injective. Here our &-term and abutment take the following alternative forms. After the second degree is raised by n so as to put the non-zero terms in the first quadrant, the spectral sequence of Proposition 3.1 takes the same form as the local duality spectral sequence. Here A is any commutative ring, I is any finitely generated ideal, N is any A-module, and Q is any injective A-module. In the special case when A is a complete local ring of dimension n, I is its maximal ideal, N is finitely generated, and Q is a dualizing module, this is precisely [S, Theorem 6.83.
COMPOSITES OF DERIVED FUNCTORS
Let E: LAM+ M,^ be the natural epimorphism. We also have a natural map y: M-+M,^, and y is an isomorphism if A4 = N,^ . Since the zeroth left derived functor of the identity functor is the identity functor, there results a natural map I]: M-+ LhA4 such that ~oyl= y. In our topological work in [2] , the map YZ appears naturally and plays a far more central role than the more intuitive map y. In fact, we were led there to say that A4 is "Z-complete" if q: M+ LiM is an isomorphism. With this sense of the term "Z-complete," the following result shows that M; and all of the L:M are Z-complete; it also shows that Li N = 0 for p 3 1 when N is Z-complete. 
Proof
We agree to write L, for Li throughout the proof. It suffices to prove that r~: N + L,N is an isomorphism for the specified N and that L,L,M=O forpa 1 and any M. We can let Z= J= K in Lemma 2.7, using the same list of generators twice, and so obtain a spectral sequence {E'} converging from L,L,M to L,M.
In total degree zero, the spectral sequence collapses to an isomorphism L,Mz L,L,M.
Writing down an explicit construction of '1 and using the proof of Theorem 2.5, we easily check that the isomorphism is in fact given by 9. Since Lo&: L,L,M -+ L,M,* is an epimorphism, it follows by a little diagram chase that '1: M; -+ L,M,^ is an epimorphism, and q is certainly a monomorphism since E 0 r] is the isomorphism y. We will prove at the end that r~: L,M + L,L,M is an isomorphism for q > 0. Suppose next that F is a free module. Then the E,-term of the spectral sequence above is zero unless q=O, when it is L,LOF= L,F,", while the limit term is zero except in degree 0. The first gives an epimorphism L,L,R + L, K, and the fact that q: L, + L, L, is an isomorphism implies that r]: K -+ L, K is an epimorphism. Using the second and the fact that L, L,F= 0, we obtain a commutative diagram with exact rows
Chasing the diagram, we see that n: Now assume that A has bounded cc,-torsion for all i. Using that f(Z) = f(q) n . . . nr (a,) and that Z' is generated by the monomials of degree r in the tl,, we see that A has bounded Z-torsion. That is, there exists r such that T(r) = f(Z') for all sat-. We conclude from the lemma that N; = N/Z-(r(r), N) for injective A-modules N. For an arbitrary A-module M, the right derived A-modules RIM are computed by applying I-adic completion to an injective resolution of A4 and then taking homology. In particular, if A is an integral domain, then N," = 0 for any injective module N and we conclude that R>M = 0 for any A-module A4 and all i 2 0.
Note that the functor RM= M/ZJZ-(r), M) of A4 preserves monomorphisms and epimorphisms but fails to be half exact in general. Of course, when the functor R is exact, Ry = R and R', = 0 for i > 0.
